Abstract. We study the Ramond twisted representations of the affine Walgebra W k (ḡ, f ) in the case that f admits a good even grading. We establish the vanishing and the almost irreducibility of the corresponding BRST cohomology. This confirms some of the recent conjectures of Kac and Wakimoto [KW5]. In type A, our results give the characters of all irreducible ordinary Ramond twisted representations of W k (sln, f ) for all nilpotent elements f and all non-critical k, and prove the existence of modular invariant representations conjectured in [KW5].
Introduction
Letḡ be a complex simple Lie algebra, f a nilpotent element ofḡ, g the nontwisted affine Kac-Moody Lie algebra associated withḡ. Let W k (ḡ, f ) be the affine W -algebra associated with (ḡ, f ) at level k ∈ C, defined by the method of the quantum BRST reduction [FF, dBT2, KRW] .
The vertex algebra W k (ḡ, f ) is in general 1 2 Z ≥0 -graded [KW3] . Therefore it is natural [KW5] to consider its Ramond twisted representations 1 . In fact it is in the Ramond twisted representations where the corresponding finite W -algebra W fin (ḡ, f ) [Lyn, dBT1, P1] appears as its Zhu algebra, according to [DSK] . In the previous paper [A3] we studied the representations of W k (ḡ, f ) in the case that f is a principal nilpotent element. In the present paper we study the Ramond twisted representations of W k (ḡ, f ) in the case that f admits a good even grading. All nilpotent elements in type A satisfy this condition.
There is a natural BRST (co)homology functor H BRST 0 (?) from a suitable category of representations of g at level k to the category of Ramond twisted representations of W k (ḡ, f ). In our case H [DSK] that a positive energy representation M = d∈d0+Z ≥0 M 0 , M d0 = 0, of a vertex algebra V is called almost irreducible if M is generated by M d0 and there is no graded submodule of M intersecting M d0 trivially. In particular an almost irreducible module M is irreducible if and only if its "top part" M d0 is irreducible over the Zhu algebra of V . In our case the top part of the BRST cohomology functor is identical to the Lie algebra homology functor (the Whittaker functor [M, BK] ) from the highest weight category ofḡ to the category of W fin (ḡ, f )-modules (see §5.4). Therefore our result reduces the study of the BRST cohomology functor to that of the Whittaker functor in the representations theory of finite W -algebras.
Although the representation theory of finite W -algebras has been rapidly developing (cf. [P3, P2, Los, BGK] ), not much is known about the Whittaker functor associated with W fin (ḡ, f ) except for some special cases [M] , unlessḡ = sl n : In type A, Brundan and Kleshchev [BK] determined the characters of all irreducible finitedimensional representations of W fin (sl n , f ), by showing that the Whittaker functor sends an simple module to zero or a simple module, and any simple W fin (sl n , f )-module is obtained in this manner. It follows that in type A the almost irreduciblity of the BRST cohomology actually implies the irreduciblity, and furthermore, any irreducible ordinary 2 representation of W k (sl n , f ) is isomorphic to H BRST 0 (L(λ)) for some irreducible highest weight representation L(λ) of sl n with highest weight λ (Theorem 5.7.1). Hence our result shows that the character of every irreducible ordinary Ramond twisted representation of W k (sl n , f ) at any level k ∈ C is determined by that of the corresponding irreducible highest weight representation of g, which is known [KT] (in terms of the Kazhdan-Lusztig polynomials) provided that k is not critical. This generalizes the main results of [A2, A3] .
The most important representations of a vertex algebra are those irreducible ordinary representations whose normalized characters are modular invariant. Kac and Wakimoto [KW5] have recently discovered the remarkable triples (ḡ, f, k), for which the (nonzero) normalized Euler-Poincaré characters of the BRST cohomology H BRST • (L(λ)), with the coefficient in the irreducible principal admissible representations L(λ) of g at level k, are homomorphic functions on the complex upper half plane and span an SL 2 (Z)-invariant space 3 . Our results show in type A that these Euler-Poincaré characters are indeed characters of irreducible Ramond twisted representations of W k (sl n , f ), as conjectured in [KW5] (see Theorem 5.8.4) 4 .
Non-twisted representations of affine W -algebras are studied in our subsequent paper.
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3 In the case that f is a principal nilpotent the existence of modular invariant representation of W k (ḡ, f ) was conjectured by Frenkel, Kac and Wakimoto [FKW] and proved in [A3] . 4 It seems that the "top parts" of modular invariant representations are in general "generic"
representations of W fin (ḡ, f ), see Theorem 5.8.1.
Groups 06" in Nagoya in June 2006 and in "Exploration of New Structures and Natural Constructions in Mathematical Physics" in Nagoya in March 2007.
Notation. Throughout this paper the ground field is the complex number C and tensor products and dimensions are always meant to be as vector spaces over C.
Preliminaries on Vertex Algebras and their Twisted Representations
In this section we collect the necessary information on vertex algebras and their (twisted) representations. The textbook [K2, FBZ] and the papers [Li, BaK, DSK] are our basic references in this section.
2.1. Fields. Let V be a vector space. For a formal series a(z)
The normally ordered product
of two fields a(z) and b(z) is also a field, where a(z) − = n<0 a (n) z −n−1 and a(z) + = n≥0 a (n) z −n−1 . Two fields a(z) and b(z) are called mutually local if
The locality (2) gives
where ∂
[n]
Vertex Algebras.
A vertex algebra is a vector space V equipped with the following data:
where A is an index set (generating fields), These data are subject to the following:
] for all α ∈ A, (iv) the vectors a α1 (m1) . . . a αr (mr) 1 with r ≥ 0, α i ∈ A and m i ∈ Z span V , (v) for any α, β ∈ A the fields a α (z) and a β (z) mutually local.
Let V be a vertex algebra. There exists a unique linear map
A vertex algebra with a Hamiltonian H is called graded. If a is a eigenvector of H its eigenvalue is called the conformal weight of a and denoted by ∆ a . Let
such that a (n) m = 0 for all m ∈ M and n ≫ 0.
Two N -twisted fields a(z) and b(z) on M are called mutually local if they satisfy
. Let V be a vertex algebra, σ an automorphism of V of order N . A σ-twisted representation of V is a vector space M equipped with a linear map from V to the space of N -twisted fields on M ,
2.4. H-Twisted Zhu Algebras. Let V be a vertex algebra graded by a Hamiltonian H. Assume that
Define the H-twisted Zhu algebra [Z, DSK] 
where V • V is the span of the vectors
with homogeneous vectors a, b ∈ V . The Zh H V is an associative algebra with the multiplication
Then V top is naturally a module over Zh H V by the following action:
Theorem 2.4.1 ( [Z, DSK] 3. Affine W -algebras 3.1. The Setting. Letḡ be a complex reductive Lie algebra, f a nilpotent element ofḡ. The corresponding affine W -algebra W k (ḡ, f ) at the level k ∈ C is defined by the method of the quantum BRST reduction. This method was discovered by Feigin and Frenkel [FF] who used it to define the W -algebra W k (ḡ, f ) associated with the principal nilpotent elements f . The most general definition of W k (ḡ, f ) was given by Kac, Roan and Wakimoto [KRW] , and the definition of W k (ḡ, f ) given in [KRW, KW3] involves another data, namely a good grading ofḡ for f . However, thanks to the results [BG] of Brundan and Goodwin, the definition of W k (ḡ, f ) does not depend on the choice of a good grading for f .
Throughout this paper we assume that f admits a good even grading unless otherwise stated, that is, there exists a Z-gradinḡ
ofḡ such that z(ḡ) ⊂ḡ 0 , f ∈ḡ −1 , and ad f :ḡ ≤0 →ḡ <0 is surjective, wherē g ≤0 = j≤0ḡ j andḡ <0 = j<0ḡ j . The last condition is equivalent to that ad f :ḡ >0 →ḡ ≥0 is injective, whereḡ ≥0 = j≥0ḡ j andḡ >0 = j>0ḡ j . By definition there exists an exact sequence
whereḡ f is the centralizer of f inḡ. One can find a sl 2 -triple (e, h, f ) inḡ such that e ∈ḡ 1 , h ∈ḡ 0 , see Lemma 1.1 of [EK] . Below we write h 0 for h. Also, there exists a semisimple element x 0 ∈ḡ 0 that defines the Z-grading, i.e.,
We fix a non-degenerate invariant inner product ( | ) onḡ such that (e|f ) = 1. Setχ
and let Oχ be the coadjoint orbit ofχ,
3.2. Root Data. Leth be a Cartan subalgebra ofḡ 0 containing x 0 and h 0 (see above). Thenh is a Cartan subalgebra ofḡ. Let∆ be the set of roots ofḡ. One has∆ = ⊔ j∈Z∆j , where∆ j = {α ∈∆; α, x 0 = j}. The∆ 0 is the set of roots of the reductive subalgebraḡ 0 . Let∆ 0,+ be a set of positive roots ofḡ 0 ,∆ 0,− = −∆ 0,+ . Then ∆ + =∆ 0,+ ⊔∆ >0 is a set of positive roots ofḡ, where∆ >0 = ⊔ j>0∆j . Likewise, ∆ − =∆ 0,− ⊔∆ <0 is a set of negative roots ofḡ, where∆ <0 = ⊔ j<0∆j . Let g 0 =n 0,− ⊕h ⊕n 0,+ andḡ =n − ⊕h ⊕n + be the corresponding triangular decompositions ofḡ 0 andḡ, respectively.
Letρ be the half sum of positive roots ofḡ. LetQ,Q ∨ ,P andP ∨ be the root lattice, the coroot lattice, the weight lattice and the coweight lattice ofḡ, respectively. Denote byW the Weyl group ofḡ.
We fix an anti-Lie algebra involutionḡ ∋ x → x t ∈ḡ such that e t = f and h t = h (for all h ∈h). SetĪ = {1, . . . , rankḡ}. Let {J a ; a ∈Ī ⊔∆ ± } be a basis ofḡ such that J α with α ∈∆ is a root vector of root α and {J i ; i ∈Ī} is a basis ofh. Denote by c 
The form ( | ) is extended fromḡ to the invariant symmetric bilinear of g as follows:
We fix the triangular decomposition g = n − ⊕ h ⊕ n + as usual:
Here, Λ 0 and δ are dual elements of K and D, respectively. For λ ∈ h * , the number λ, K is called the level of λ. Letλ be the restriction of λ ∈ h * toh * . We refer toλ as the classical part of λ.
Let ∆ be the set of roots of g, ∆ + the set of positive roots,
where ∆ re is the set of real roots and ∆ im is the set of imaginary roots. Let ∆
Let W ⊂ GL(h * ) be the Weyl group of g generated by the reflections s α with α ∈ ∆ re , where
One knows that W (λ) is a Coxeter subgroup of W , and W (λ) is called the integral Weyl group of λ ∈ h * . Let ℓ λ : W (λ) → Z ≥0 be its length function.
For an h-module M let M λ be the weight space of weight λ ∈ h * :
We say M admits a weight space decomposition if M = λ M λ and dim M λ < ∞ for all λ. In this case we define the graded dual M * of M by
Also, we set
Lemma 3.3.1. Let M be a h-module that admits a weight space decomposition. (39) where C k is the one-dimensional representation ofḡ[t] ⊕ CK ⊕ CD on whichḡ[t] ⊕ CD acts trivially and K acts as the multiplication by k.
Define a field
There is a unique vertex algebra structure on V k (ḡ) such that 1 = 1⊗1 ∈ V k (ḡ) is the vacuum vector and {J(z); J ∈ḡ} is a set of generating fields. The vertex algebra V k (ḡ) is called the universal affine vertex algebra associated withḡ at level k.
Clifford Vertex Algebras. Set
They are nilpotent subalgebras of g.
Let Cl be the Clifford algebra associated with Lḡ <0 ⊕ Lḡ >0 and the restriction of ( | ) to Lḡ <0 ⊕ Lḡ >0 . The superalgebra Cl has the following generators and relations:
.
The algebra Cl contains the Grassmann algebras (Lḡ <0 ) and (Lḡ >0 ) as its subalgebras; ( (42) as linear spaces.
In view of (42), the adjoint action of h on Lḡ <0 ⊕ Lḡ >0 induces an action of h on Cl: Cl = λ∈Q Cl λ .
Let ∞ 2 +• (Lḡ >0 ) be the irreducible representation of Cl generated by the vector 1 such that
as an h-module under this identification:
The space
The charge of 1, ψ α (n) and ψ −α (n) with α ∈∆ >0 and n ∈ Z are 0, −1 and 1, respectively. The Cl-module
There is a unique vertex (super)algebra structure on ∞ 2 +• (Lḡ >0 ) such that 1 is the vacuum vector, and
are generating fields. The vertex algebra ∞ 2 +• (Lḡ >0 ) is also called the Clifford vertex algebra associated with Lḡ >0 .
3.6. The W -Algebra W k (ḡ, f ). Because both V k (ḡ) and ∞ 2 +• (Lḡ >0 ) are vertex algebras, the tensor product (47) is also a vertex algebra. Set
Let Q(z) be the odd field on C
• defined by
where
and therefore,
Definition 3.6.1. The universal affine W -algebra W k (ḡ, f ) associate with (ḡ, f ) at level k is the zeroth cohomology of the complex (C • , Q (0) ):
where h 0 is the element in the sl 2 -triple {e, h 0 , f } fixed in §3.1. The right-handside is considered as an element of h which acts diagonally on the complex
Lemma 3.7.1. One has [H,
From Lemma 3.7.1 it follows that H defines a Hamiltonian of W k (ḡ, f ). One has
provided that either a, b ∈∆ ≥0 ⊔Ī and α ∈∆ >0 , or a, b ∈∆ ≤0 ⊔Ī and α ∈∆ <0 , where κḡ 0 (a, b) is the Killing form ofḡ 0 .
Let C
• + be the vertex subalgebra of C • generated by the fields J a (z) and ψ β (z) with a ∈Ī ⊔∆ ≤0 and β ∈∆ <0 . By (57) and (58), C • + is spanned by the vectors
Similarly let C • − be the vertex subalgebra of C
• generated by the fields J α (z) and
One has the linear isomorphism
Moreover it was shown [KW3] (cf. [dBT2, FBZ] ) that both C • ± are subcomplexes of C • , and that
Therefore by the Künneth theorem
It follows that we may identify W k (ḡ, f ) with the vertex subalgebra
(Note that the cohomological gradation takes only non-negative values on C
acts trivially and 1 acts as 1.
By (57) one can regard V φ k (ḡ f ) as a vertex subalgebra of V k (ḡ).
Theorem 3.8.1 ( [KW3] ). For any k ∈ C one has the following.
as graded vertex algebras.
Remark 3.8.2. The filtration in Theorem 3.8.1 arises from the spectral sequence associated with the filtration of C
• + defined by
Becauseḡ f is preserved by the adjoint action of x 0 and h 0 , there exists a basis {u j ; j = 1, . . . , dimḡ f } ofḡ f consisting of simultaneous eigenvectors of ad x 0 and ad h 0 . Let d j ∈ 1 2 Z ≥0 be the half of the eigenvalue of ad h 0 on u j :
By Theorem 3.8.1 there exist homogeneous elements W (j) of W k (ḡ, f ) with j = 1, . . . , dimḡ f whose symbols are u j (−1)1, and W k (ḡ, f ) is (strongly [K2] ) generated by the fields
in C
• . The vector W (j) has the conformal weight 1 + d j . Thus it follows that W k (ḡ, f ) is positively graded:
4. Ramond Twisted Representation of Affine W -Algebras
• be the automorphism of order ≤ 2 defined by (53)). Therefore Ramond twisted representations are exactly the H-twisted representations. 
Proof. By (11) and (51), the square of (Q) M (0) is equal to zero. Therefore the above space is well-defined. The rest also follows from (11).
gives a good grading for f , called the Dynkin grading [KRW] . Let
be the σ R -twisted affine Lie algebra [K1] , whereḡ
, and the commutation relations are given by the same formula as g.
We write J(n) R for J⊗t n ∈ g R . Also, to avoid confusion we write K R and D
R
for K and D in g R , respectively.
Lemma 4.2.1. Let M be a vector space. Defining a σ R -twisted V k (g)-module structure on M is equivalent to defining a g R -module structure on M of level k such that J(n) R m = 0 for all m ∈ M and n ≫ 0.
Proof. By (12), given a σ R -twisted module structure on M one has
Conversely, suppose that we are given a g R -module structure on M of level k such that J(n) R m = 0 for m ∈ M and n ≫ 0. Define a 2-twisted filed
These fields satisfy the same formula as (66):
Let V be a vertex algebra generated by J(z) R with J ∈ḡ in the space of 2-twisted fields on M in the sense of Li [Li] . By (68) it follows that the correspondence J(−1)1 → J(z) R defines a vertex algebra homomorphism from V k (ḡ) to V (cf. (13)). Thanks to Proposition 3.17 of [Li] , this completes the proof.
Let Cl
R be the superalgebra generated by the odd fields ψ α (n) R (α ∈∆ =0 , n ∈ α(h 0 )/2 + Z) with the relations [ψ α (m) R , ψ β (n) R ] = δ m+n,0 δ α+β,0 . The proof of the following assertion is the same as that of Lemma 4.2.1.
Lemma 4.2.2. Let M be a Cl
R -module such that ψ α (n) R m = 0 for all m ∈ M , α ∈∆ =0 and n ≫ 0. Then the formulas
Then by Lemmas 4.2.1 and 4.2.2, M can be naturally considered as a σ R -twisted representation of C
• . By Proposition 4.1.2, the space ker(Q) 
4.3. Identification with Non-Twisted Representations. The superalgebra U (g R )⊗Cl R is isomorphic to U (g)⊗Cl [KW5] : the isomorphism is given by:
be a lift of the longest element w 0 of the Weyl groupW . Set
can be regarded as a σ R -twisted representation of Cl, by the action
Note that in this case the differ-
is homotopic to
One has
It follows that by Proposition 4.1.2 the homology space
can be considered as a Ramond twisted representation of W k (ḡ, f ). The σ R -twisted representation M ⊗ 
, where the righthand-side is the Feigin's semi-infinite Lḡ <0 -homology [F] with the coefficient in the Lḡ <0 -module M ⊗C χ− , and χ − is identified with the character of Lḡ <0 such that χ − (J −α (n)) = δ n,0χ (J α ).
Finite W -algebras as H-twisted
provided that H BRST • (M ) d0 = 0. In this case H BRST • (M ) top is easily described as follows: Identify the Grassmann algebra
• (n − ) ofn − with the subalgebra of Cl generated by ψ α (0) with α ∈∆ − .
Then
• (n − ) is also identified with the subspace
One sees that the operator Q − acts on M top ⊗
• (n − ) as
From this formula it follows that the complex (M top ⊗ • (n − ), Q − ) is identical to the Chevalley-Eilenberg complex which defines the Lie algebraḡ <0 -homology H Lie • (ḡ <0 , M top ⊗Cχ − ) with the coefficient in theḡ <0 -module M ⊗Cχ − , where Cχ − = U (ḡ <0 )/ kerχ − andχ − is the character ofḡ <0 defined by
Thus one has
Recall [DSK] that
where W fin (ḡ, f ) is the finite W -algebra associated with (ḡ, f ). The finite W -algebra W fin (ḡ, f ) may be defined by means of the quantum BRST reduction [KS, D 3 HK]: LetCl be the Clifford algebra associated withḡ <0 ⊕ḡ >0 and ( | ) |ḡ<0 ⊕ḡ>0 . We identifyCl with the subalgebra of Cl generated by ψ α = ψ α (0) with∆ =0 . One has the subalgebra U (ḡ)⊗Cl in U k (g)⊗Cl, andQ − can be considered as an odd element of U (ḡ)⊗Cl. One has (Q − ) 2 = 0, and thus
Therefore (U (ḡ)⊗Cl, adQ − ) is a chain complex (with respect the grading by charge). The corresponding homology (80) is naturally a Z-graded superalgebra. (i) It holds that
For aḡ-module M , M ⊗Λ(ḡ <0 ) is naturally a U (ḡ)⊗Cl-module. Therefore the algebra H 0 (U (ḡ)⊗Cl) naturally acts on H Lie • (ḡ, M ⊗Cχ − ). As in the same manner as [A3] , it follows that the action of Zh LetL(λ) be the irreducible highest weight representation ofḡ with highest weight λ ∈h * . Let O 0 (ḡ) be the full subcategory of the category of finitely generated leftḡ-modules consisting of objects M such that (1) dim U (n + )m < ∞ for all m ∈ M , (2)h acts semisimply on M , (3) M is a direct sum of finite-dimensionalḡ 0 -modules. SetP
, whereĒ(λ) is the irreducible finitedimensional representation ofḡ 0 with highest weightλ, considered as aḡ ≥0 -module on whichḡ >0 acts trivially. TheM 0 (λ) hasL(λ) as its unique simple quotient. Every simple object of O 0 (ḡ) is isomorphic to exactly one of theL(λ) withλ ∈P Theorem 5.1.1 (Matumoto [M] ).
Because every projective object of O 0 (ḡ) is free over U (ḡ <0 ), the following assertion follows from (i) of Theorem 5.1.1 in the same manner as Theorem 2.5.6 of [A3] . 
Representations of Finite W -Algebras in Type
A. In [BK] , Brundan and Kleshchev gave a complete description of irreducible finite-dimensional representations of W fin (ḡ, f ) in type A, as we recall below: Letḡ = sl n (C). As usual, we write∆ = {α i,j ; 1 ≤ i, j ≤ n},∆ + = {α i,j ; 1 ≤ i < j ≤ n}.
Let Y f be the partition (p 1 ≤ p 2 ≤ · · · ≤ p r ) of n corresponding to the nilpotent element f . Following [BK] , we identify Y f with the Young diagram with p i boxes in the ith row, and number the boxes of Y f by 1, 2, . . . , n down columns from left to right. The corresponding good grading is defined so that ∆ 0 = {α i,j ; the ith and the jth boxes belong to the same column} (84) (see [EK, BK] for details). Let
It is easy to see that ∆ f = {α i,j ∈∆; the ith and the jth boxes belong to the same row}.
ThenW f is the subgroup ofW = S n generated by s α with α ∈∆ f .
Theorem 5.2.1 (Brundan and Kleshchev [BK] ,ḡ = sl n (C)). For λ ∈ h * let L(λ) be the irreducible representation of g with highest weight λ. Let O 0,k be the full subcategory of the category of left g-modules consisting of objects M such that the following hold:
• K acts as the multiplication by k on M ; • M admits a weight space decomposition;
• there exists a finite subset {µ 1 , . . . , µ n } of h *
whereM 0 (λ) is considered as aḡ[t] ⊕ CK ⊕ CD-module on whichḡ[t]t acts trivially, and K and D act the multiplication by λ, K and λ, D , respectively. The M 0 (λ) is an object of O 0,k , and has L(λ) as its unique simple quotient. Every irreducible object of O k is isomorphic to exactly one of the L(λ) with λ ∈ P
where X → X t is the anti-automorphism of g define by
It is well-known (see e.g., [S] ) that every L(µ) that lies in O ≤λ 0,k admits the indecomposable projective cover P ≤λ (µ) in O ≤λ 0,k , and hence, every finitely generated object in O ≤λ 0,k is an image of a projective object of the form 
The following assertion follows from Theorems 5.1.1, 5.1.2 and Lemma 5.4.1.
Proposition 5.4.2. One has
and if DimL(λ) = dχ, then
5.5. The Vanishing and the Almost Irreduciblity. KW3] ). For λ ∈ P k 0,+ one has the following:
(The proof of Theorem 5.5.2 is the same as that of Theorem 3.8.1.)
Theorem 5.5.3. For λ ∈ P k 0,+ one has the following:
The proof of Theorem 5.5.3 is given in Section 6. Though our formulation is slightly different from that of [KW5] , the following assertion essentially confirms Conjecture B of [KW5] , partially (cf. Theorems 5.7.1, 5.8.1 and 5.8.4 below). Proof. We give only the sketch of the proof because it is essentially the same as those of Theorems 7.6.1 and 7.6.3 of [A3] .
From Theorem 
Proof. The assertion follows immediately from Proposition 5.4.2 and Theorem 5.5.4 (ii).
with some c λ,µ ∈ Z. The coefficient c λ,µ is known by Kashiwara and Tanisaki [KT] (in terms of the Kazhdan-Lusztig polynomials) provided that k is not critical (for any simple summand ofḡ). Recall [KW3, KW5] that the "Cartan subalgebra" of W k (ḡ, f ) is given by
Because it commutes with Q − , t acts on the space
By the Euler-Poincaré principle one has [FKW, KRW, KW5] Theorems 5.6.1 and 5.7.1 determine 8 the characters of all irreducible ordinary Ramond twisted representations of W k (sl n , f ) for all nilpotent elements f at all non-critical levels k.
Remark 5.7.2. Ifḡ is not of type A, it not true that nonzero H BRST 0 (L(λ)) is always irreducible, see Theorem 3.6.3 of [M] . However it is likely that H BRST 0 (L(λ)) is a direct sum of irreducible modules.
5.8. Modular Invariant Representations. In this section we assume thatḡ is simple.
Let P r k be the set of principal admissible weights [KW2, KW5] of g of level k. We remark that an element λ of P r k done not necessarily belong to P k 0,+ . However the Euler-Poincaré character χ H BRST 0 (L(λ)) makes sense for all λ ∈ P r k [KW5] , and coincides with the right-hand-side of (93). Thus it has the form
Note that ϕ λ,0 is the Euler-Poincaré character of H Lie • (L(λ)).
8 In the case of f is a principal nilpotent element the characters of all irreducible positive energy representations of W k (ḡ, f ) was previously determined in [A3] (for allḡ and all k ∈ C). Also, in the case f is a minimal nilpotent element the characters of all irreducible (non-twisted) positive energy representations of W k (ḡ, f ) was previously determined in [A2] (for allḡ and all non-critical k).
Next let k be as in (101). By Lemma 3.1 of [KW5] one has rank∆(λ) ≥ min(n − q, 0) = rank∆ 0 , ∀λ ∈ P r k .
According to (the proofs of) Propositions 3.2 and 3.3 of [KW5] , the rank of any root subsystem in∆\∆ f is equal to or smaller than rank∆ 0 , and is equal to rank∆ 0 if and only if it isW f -conjugate to∆ 0 . Thus for λ ∈ M k there exists w ∈W f such that∆(λ) = w(∆ 0 ), and thus w −1 • λ ∈ M k . This completes the proof.
According to [KW5] , Theorem 5.7.1 and Proposition 5.8.3 give the following assertion The proof of Theorem 5.5.3 is essentially the repetition of the argument of §7 of [A3] . Therefore we give only the sketch of the proof.
6.1. Step 1. Let
, where
(see Remark 6.1.2 below). Then
with a i ∈∆ ≤0 ⊔Ī and β i ∈∆ <0 , where v λ is the highest weight vector of C
• (M 0 (λ)). As in §3.8, it follows that C
10 However the rationality of the simple quotient of W k (sln, f ) still remains to be an open problem.
The graded dual space C
* is a C 
6.2.
Step 2. One has
Note that the subspace C 6.3.
Step 3. Set Also by (121) this filtration is compatible with the σ R -twisted action of W k (ḡ, f 
